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A complementary approach to constrain the equation of state of
neutrons stars
Shuang Du 1, Ren-Xin Xu 2
ABSTRACT
The equation of state (EoS) of neutron stars (NSs) is uncertain. A method
to constrain the EoS by using the observational data of GRB X-ray plateaus
is proposed in this letter. Observations show some GRB X-ray plateaus are
power by millisecond strongly magnetized NSs. So the properties of these NSs
should satisfy: (i) the spin-down luminosity of the NS should be brighter than
the observed luminosity of the X-ray plateau; (ii) the total rotational energy of
the NS should be larger than the total energy of the X-ray plateau. Through
the case study of GRB 170714A, the moment of inertia of NSs is constraint as
I > 1.0 × 1045
(
Pcri
1 ms
)2
g · cm2, where Pcri is the critical rotational period that a
NS can achieve. The constraint of the radius of NSs according to GRB 080607
is shown in table 1.
Subject headings: equation of state - gamma-ray burst: general - stars: neutron
stars
1. Introduction
Determining the equation of state (EoS) of neutron stars (NSs) is very important for
the cognition of low-energy strong interaction (Itoh 1970; Glendenning 1992; Xu 2003). A
common approach to constrain the EoS is constraining the mass and radius of a NS. It
is with regret that the post-merger remnant of GW170817 is undetermined (Abbott et al.
2019). Although, the total mass of the NS binary ∼ 2.7 M⊙ (Abbott et al. 2017) is much
larger than the observed masses of galactic pulsars (O¨zel & Freire 2016), the EoS with a
higher upper limit on rest mass as high as 3.0 M⊙ is still not ruled out ( e.g. strangeon star,
see Lai et al. (2019)). On the other hand, the radii of NSs are so small that it is almost
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impossible to be measured accurately either through the observation of electromagnetic waves
or gravitational waves till now (O¨zel & Freire 2016; Annala et al. 2018). We need some new
approaches.
Gamma-ray bursts (GRBs) are believed to be the transient evens associated with NSs
(Usov 1992; Duncan & Thompson 1992; Dai & Lu 1998a,b; Zhang & Me´sza´ros 2001). If the
central object of a GRB is a stable fast rotating strongly magnetized NS (also called millisec-
ond magnetar), a X-ray plateau followed by a power-law decay with index ∼ −2 can be seem
in the GRB X-ray afterglow (Zhang & Me´sza´ros 2001). This theoretical expectation is ob-
served by Swift XRT (Evans et al. 2009) and verified by the recent observation (Xue et al.
2019). Besides, some X-ray plateaus can be followed by a very steep decay (with index
< −3, the so-called ‘internal plateau’, see e.g. Troja et al. (2007)). This feature can be rea-
sonably explained under the magnetar scenario (see Kumar & Zhang (2015) for review). The
spin-down radiation of the supramassive magnetar powers the X-ray internal plateau. The
transition from the supramassive magnetar to the black hole through gravitational collapse
after losing rotation energy naturally accounts for the steep decay.
The luminosities and durations of these X-ray plateaus (case 1: plateau+ a decay with
index ∼ −2; case 2: plateau+ a steep decay with index < −3) are closely related to the
properties of the central NSs (Du et al. 2016, 2019). So through analyzing the relevant
observation data, one may, in turn, constrain the properties of these NSs, such as the EoS.
We describe our method in Section 2. In section 3, two case studies are shown. Section 4 is
summary.
2. The method
(In source frame) The X-ray plateau is powered by the approximately isotropic spin-
down luminosity Lsd (‘stripy’ wind, Spruit, Daigne, & Drenkhahn (2001)) of the central mag-
netar, such that Lsd mush be larger than the luminosity LX,pla of the X-ray plateau, i.e.,
Lsd =
8pi4B2effR
6
3c3P 4
> LX,pla, (1)
where R , P , Beff are the radius, the period, and the effective dipole magnetic field strength
on the surface of the magnetar respectively, and c is the speed of light. On the other hand,
the total rotational energy Ek of the magnetar should be high enough to power the whole
X-ray plateau, so one has
Ek/Lsd ≥ tb, (2)
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where1
Ek = 2pi
2I/P 2, (3)
where tb is the break time of the X-ray plateau, the = is for the case 1, the > is for the case
2, and I is the moment of inertia of the magnetar.
According to equations (1)-(3), one has
Pcri < P <
(
2pi2I
tbLX,pla
)1/2
, (4)
I >
P 2critbLX,pla
2pi2
, (5)
where Pcri is the critical period that NSs can achieve.
For a certain EoS, given a magnetar mass Mmag, one can calculate the theoretical
values of the radius Rth, rotational inertia Ith, and Pcri numerically (Weber & Glendenning
1992). Since tb, LX,pla are measurable quantities, the constraint of Ith (i.e., equation (5)) is
reasonably strict. Note that GRBs can be classified into two categories based on duration
T90 (Kouveliotou et al. 1993) that short GRBs with T90 > 2 s (originated from double NS
mergers, Abbott et al. (2017)) and long GRBs with T90 < 2 s (originated from massive star
collapses, MacFadyen & Woosley (1999)). So the masses of the central NSs Mmag can be
roughly classified as three types:
(i) case 1+short GRB: 2.2 M⊙ <Mmag <∼ MToV, where the lower limit is inferred form
the fact that the total masses of the NS binaries observed in Milk Way are larger than
2.2 M⊙ (O¨zel & Freire 2016), and MToV is the maximum NS mass for a nonrotating
NS;
(ii) case 1+long GRB: Mmag ∼ 1.4 M⊙, since the mass of the individual galactic NSs is
around 1.4 M⊙ (O¨zel & Freire 2016);
(iii) case 2: Mmax < Mmag < 1.3Mmax , since if Mmag is larger than 1.3 times of the max-
imum mass of a rotating NS Mmax, the nascent NS will collapse to a black hole dur-
ing its dynamical timescale (Baiotti, Giacomazzo, & Rezzolla 2008; Hotokezaka et al.
2011). We already know that Mmax is either greater than 2.7 M⊙ or less than 2.7 M⊙
(Abbott et al. 2017).
1Relativistic modifications need to be considered only in very extreme situation.
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For the magnetars in these three types, I should be also consistent with the mass range.
The constraint of R can not be as rigorous as I. If the magnetars do exist in the case
1 and case 2, there is at least one pair of parameters (Beff,max, Pcri) make equation (1) work,
i.e.,
R > 6.9× 105
(
Pcri
1 ms
)1/3(
Beff,max
1015 Gs
)−1/3(
LX,pla
1048 erg · s−1
)1/6
cm. (6)
In principle, according to the dynamo mechanism, Beff has a upper limit (Duncan & Thompson
1992) that
3× 1017(P/1 ms)−1 G. (7)
But the observation of soft gamma repeaters (SGRs) and anomalous X-ray pulsars (AXPs)
shows that almost all the associated magnetars have periods Pt ∼ (1− 10) s, time derivative
of period P˙t ∼ (10
−11 − 10−10) s · s−1 and inferred magnetic fields Beff ∼ (10
14 − 1015) Gs
(except the uncertain magnetic field of SGR 1806-20, whose upper limit is perhaps as high
as 2.5 × 1015 Gs, Woods et al. (2007)). The existences of the X-ray plateaus show that
the period of the nascent magnetars are millisecond (Rowlinson et al. 2013; Du et al. 2016).
If this is also true for the magnetars in SGRs and AXPs, through the assumption that
the magnetic torque changes of these magnetars are not evident, one has the ages of these
magnetars
τ ≈
Pt
2P˙t
∼ 104 yr. (8)
So these magnetars are young NSs which is consistent with the SGR model (Katz 2016)
and observation (Cline et al. 1982). Besides, if the decay of magnetic torque of a magnetar
is consistent with the galactic pulsars that the decay time scale of the magnetic torque is
τD ∼ (10
6−107) yr (Lyne, Ritchings, & Smith 1975), one can see τ ≪ τD and the assumption
of quasi-constant magnetic torque is reasonable. Hereinafter, we take the upper limit of Beff
as Beff,max = 10
15 Gs and Beff,max = 2.5× 10
15 Gs empirically.
3. Case study
Until now we have not found a extreme sample that can make strict limits on I. For
example, for GRB 170714A whose total energy of X-ray plateau is (in (0.3 − 10) keV, the
luminosity of X-ray plateau is from Hou et al. (2018))
EX,pla =
∫ tb
0
LX,pla dt ≈ 2.0× 10
52 erg. (9)
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Through equation (5), one has
I > 1.0× 1045
(
Pcri
1 ms
)2
g · cm2. (10)
Almost all the EoSs can match this result. But it is worth emphasizing that the spin-
down energy of magnetar will not be transformed into X-ray emission totally, and EX,pla =
2.0× 1052 erg is just the energy in (0.3− 10) keV. Considering these two factors, the order
of magnitude of EX,pla/Ek should be no more than 0.1. In the future, if detectors can give a
wider energy-band observation to GRB X-ray plateaus, the constraint of equation (10) will
be tighter.
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Fig. 1.— The fitting result of the X-ray afterglow of GRB 080607. One can see that the
magnetar candidate belongs to type (ii).
A good sample to constrain R is that a brighter X-ray plateau which meets the re-
quirements of case 1 or case 2. But we do not find a sample like that. Stand back, here,
a magnetar candidate that GRB 080607 is used to be a case study. GRB 080607 is a long
GRB with T90 = 79 s
2, and redshift z0 = 3.04
3. We fit the X-ray afterglow of GRB
080607 with a smooth broken power law that the break time of the plateau is tb ≈ 2200 s,
2Stamatikos et al., GCN 7852, https://gcn.gsfc.nasa.gov/gcn3/7852.gcn3
3Prochaska et al., GCN 7849, https://gcn.gsfc.nasa.gov/gcn3/7849.gcn3
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the decay index before the break is α1 ≈ −0.01 and the decay index after the break is
α2 ≈ −2.22 (see Fig. 1). One can find that the magnetar candidate of GRB 080607 be-
longs to the type (ii). The mean unabsorbed flux of the X-ray plateau in (0.3 − 10) keV
is Flux = 2.26
+0.22
−0.19 × 10
−10 erg cm−2 s−1 (Evans et al. 2009). Adopting ΛCDM model with
H0 = 70 km s
−1 Mpc−1, Ωm = 0.3 and ΩΛ = 0.7, one has
LX,pla(080607) = 4piD
2
LFlux > 1.6× 10
49 erg s−1, (11)
where DL is the luminosity distance from the source to the earth. Through equation (6),
the constraint of R is shown in table 1.
Table 1: The constraint of the radius of NSs
Beff,max (10
15Gs) Pcri (ms) R (10
5cm)
1.0 0.5 > 8.7
1.0 1.0 > 11.0
2.5 0.5 > 6.4
2.5 1.0 > 8.1
4. Summary and discussion
In this letter, we propose a complementary approach to constrain the EoS of NSs. The
constraint of the rotational inertia I is reasonably strict, but the constraint of the radius R is
somewhat empirical. To give a more compact constraint, there are two ways can be improved
that: (a) widening the observational energy band (eXTP?); (b) searching for some extreme
samples with long-duration and bright X-ray plateaus. To improve the method described in
section 2, one may consider the angular distribution of the spin-down winds of NSs and the
relativistic modification on the rotational energy of NSs.
5. Acknowledgement
We acknowledge the use of the public data from the Swift data archives.
REFERENCES
Abbott B. P., et al., 2017, ApJ, 848, L13
– 7 –
Abbott, B. P., Abbott, R., Abbott, T. D., et al. 2019, ApJ, 875, 160.
Annala E., Gorda T., Kurkela A., Vuorinen A., 2018, PhRvL, 120, 172703
Baiotti L., Giacomazzo B., Rezzolla L., 2008, PhRvD, 78, 084033
Cline T. L., et al., 1982, ApJ, 255, L45
Dai Z. G., Lu T., 1998a, PhRvL, 81, 4301
Dai Z. G., Lu T., 1998b, A&A, 333, L87
Du S., Lu¨ H.-J., Zhong S.-Q., Liang E.-W., 2016, MNRAS, 462, 2990
Du S., Peng F.-K., Long G.-B., Li M., 2019, MNRAS, 482, 2973
Duncan R. C., Thompson C., 1992, ApJ, 392, L9
Evans P. A., et al., 2009, MNRAS, 397, 1177
Fong W., Berger E., Fox D. B., 2010, ApJ, 708, 9
Glendenning N. K., 1992, PhRvD, 46, 1274
Hotokezaka K., Kyutoku K., Okawa H., Shibata M., Kiuchi K., 2011, PhRvD, 83, 124008
Hou S.-J., Liu T., Xu R.-X., Mu H.-J., Song C.-Y., Lin D.-B., Gu W.-M., 2018, ApJ, 854,
104
Itoh N., 1970, PThPh, 44, 291
Katz J. I., 2016, ApJ, 826, 226
Kouveliotou C., Meegan C. A., Fishman G. J., Bhat N. P., Briggs M. S., Koshut T. M.,
Paciesas W. S., Pendleton G. N., 1993, ApJ, 413, L101
Kumar P., Zhang B., 2015, PhR, 561, 1
Lai, X., Zhou, E., Xu, R., 2019, EPJA, 55, 60
Lyne A. G., Ritchings R. T., Smith F. G., 1975, MNRAS, 171, 579
MacFadyen A. I., Woosley S. E., 1999, ApJ, 524, 262
O¨zel F., Freire P., 2016, ARA&A, 54, 401
– 8 –
Rowlinson A., O’Brien P. T., Metzger B. D., Tanvir N. R., Levan A. J., 2013, MNRAS, 430,
1061
Spruit H. C., Daigne F., Drenkhahn G., 2001, A&A, 369, 694
Troja E., et al., 2007, ApJ, 665, 599
Usov V. V., 1992, Nature, 357, 472
Weber F., Glendenning N. K., 1992, ApJ, 390, 541
Woods P. M., Kouveliotou C., Finger M. H., Go¨gˇu¨s¸ E., Wilson C. A., Patel S. K., Hurley
K., Swank J. H., 2007, ApJ, 654, 470
Xu R. X., 2003, ApJ, 596, L59
Xue Y. Q., et al., 2019, Nature, 568, 198
Zhang B., Me´sza´ros P., 2001, ApJ, 552, L35
This preprint was prepared with the AAS LATEX macros v5.2.
